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Past common causes induce contemporaneous dependencies in snapshots!

What is the right tool to capture conditional independencies for snapshots?
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st-separation
(this paper)

We show that these two separations are the same!

+ we translate them to space-time
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We establish completeness:
©® Weakly complete for VAR(1)

YV G 3 a process for which independencies match exactly the collider separation

® Strongly complete for Gaussian VAR(1)
YV G the parameter set where the independencies do not match collider separation is of
measure zero
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Summary graphs

® A multivariate discrete-time stochastic process
X ={Xuv(t):veV, teT cZ}.
® Directed graph that may contain self-loops and reciprocal pairs of arrows
G=MW,€&), pagv):={ueV:u—->vel}
® Link between the summary graph and the process

KX(t)eF | X(<t)e E) = [ [P(Xu(t) € Fu | Xpag(u)(<1t) € Epag(v)) -
veY
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Equivalence between separations

* G =V, &) and Go = (V, &) are c-equivalent if (I L. J | K)g, <= (I L. J| K)g,.

= Summary graphs are c-equivalent if they have the same trek graphs

Let 7, J, K €V be pairwise disjoint

(I LeJ|K)g <= (ILJ|V\{IuJUK))sg,

* Colliders that define c-separation are the "bottlenecks/bridges" in the trek graph

10 / 21
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Space-time trek separation (informal)

® A space-time trek of lag k between (7,1) and (J,1):
a pair of directed paths 7 = (Py, P») starting from a
common top (u,t — k) and ending at (7,¢) and (j,1).

e Take space-time Gr. ®:_/7\@_>@4_@
@

® We say that [ is st-separated from J by K if there is no a b ¢ d
no-skipping concatenation of st-treks from 7 to J whose
. . L. t—2
junctions all lie in Ang(K). O
e This is c-separation translated to space-time graph when
self loops are present
e ®
y y
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Standing assumptions

©® Autoregression
Typical in time series

® Markovianity of order 1
For simplicity

® Strict stationarity
We are interested in time independent snapshots

® No contemporaneous relations
Past influences future
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°g= (va)a X(t) = (Xl(t)w . '7Xn(t))T

* VAR(1)
X(t+1)=MX()+e(t), teZ, (1)

¢ Coefficient matrix M encoding G
R® := {M e R™*"™ : M;; = 0 whenever (j — 1) ¢ £}.
® Autoregression M;; # 0

® Noise i.i.d. &(t) ~ N (0, D)

® Strictly stationary?
Say spectral radius p(M) < 1 = (1) admits a unique solution with covariance matrix 3:

S =MESM' +D.

* Dynamic version: ¥ = 33"  M*D(MT)*



Collider separation is "necessary" for conditional independence

Weak completeness

Take a summary graph G = (V, &) and let
Ig:={ (I,J,K):1,J,K <V pairwise disjoint and (I L. J|K)g }.
Then there exists a strictly stationary stochastic process X = (XU (t))UEV, 1z, Such that,
® Soundness. For every triple (I, J,K) € Zg: X (t) 1L X;(t) | Xk (¢),

® Weak Completeness. For any triple (I, J,K) ¢ Ig: Xr(t) )L X;(t) | Xk(t).




Statement

Strong completeness for Gaussian VAR(1)

Let X be a stable Gaussian VAR(1).
Let © = {(M,D): p(M) <1, D >0, M € R} be the open parameter domain.

Fix three pairwise disjoint spatial node sets A, B,C' < V. Then:

® Soundness. If (I L. J | K)g then X;(t) 1L X;(t) | Xk (2),

® Strong completeness. If (I £, J | K)g, then {(M,D) e © : X;(t) 1L X;(t) | Xk (t)}
has Lebesgue measure zero.

Proof: Idea from Sullivant et al. [2010] updated to a space-time trek version
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Paths and the covariance matrix

* Pathwise interpretation: (M¥D(MT)*);; = 3 . costors (MF)is Dys (M)
® Let 7 = (Py, P2) be an st-trek of lag s > 1 between (4,t) and (j,t) with top (u,t — s)

(Ms)iu = Z 1_[ My,
P:(u,t—s)w~(i,t) (k,r—1)—(l,r)eP
® Define the weight of T by

w(M,D,7) :=dy n My H M.

(k,r—1)—>(l,r)ePy (k,r—=1)—>(l,r)eP>

Bij = L—jpdi + ) Z M )iw b (M) ju
s=>1u=1

=1{i:j}di+2 Z 2 W(M7D7(P17P2))

szl u=1 P;y:(u,t—s)w>(i,t) Po:(u,t—s)w>(j,t)
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measure zero

® Idea inspired by Sullivant et al. [2010]
® In the Gaussian case, X;(t) IL X;(t) | Xk (t) <= detZiuk, joxk =0 VierjeJ.
® If we express determinantal criterion as a nontrivial power series — measure zero argument

= If a system of treks is non-intersecting, then power series of products over these treks is not zero
(Lindstréom—Gessel-Viennot lemma).

® The covariance elements have a pathwise interpretation ... > /7, kDo M }’
® We can write the big determinant using Cauchy-Binet theorem as sums of products of certain
smaller determinants det >; ; = LE det X7 r det X R
= We introduce space-time treks and space-time trek separation
® These determinants from Cauchy Binet have a trek system interpretation (space-time)
= We use Lindstréom—Gessel-Viennot lemma and show that when we do not have st-separation we

have non-intersecting system of treks
® Show with a construction that summands do not cancel out

® Zeros of a nontrivial real-analytic function have measure zero.



® Conclusions
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Implications and possible future

@ It is the colliders (=common ancestors structure) that separate which past information
travels to the present moment

= Constraint based causal discovery on a snapshot can uncover only these collider structures

® Weak completeness resolves conjecture about collider separation being necessary for
conditional independence

® Strong completeness theorem justifies faithfulness-type assumptions as natural
(space-time trek systems for determinants type argument)

Future

® Relax the Markov-order-1 assumption.
® Understand how far strong completeness extends beyond Gaussian dynamics.

® Better understanding of causality from snapshots of dynamical systems:
® Interventions
® Relation between time, dependence and snapshot information
® Constrained nonstationarity
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