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Snapshots

Reality is time evolving

Biology Social sciences

Past common causes induce contemporaneous dependencies in snapshots!

What is the right tool to capture conditional independencies for snapshots?
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Graphical separations - a trailer

(a) Space-time DAG

t ´ 2

t ´ 1

t

a b c d

st-separation
(this paper)

(b) Summary graph

a b c d

c-separation
(time series)

Niemiro and Rajkowski [2023]

(c) Trek graph

a b c d

trek graph separation
(difussions)

Boege et al. [2025]

We show that these two separations are the same!

+ we translate them to space-time
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Desired properties: if and “only if"

Soundness:

pI Kc J | KqG ùñ pXI KK XJ | XKqP Niemiro and Rajkowski [2023]

Completeness: ??
pI Kc J | KqG “ ðù ” pXI KK XJ | XKqP

We establish completeness:

1 Weakly complete for VAR(1)
@ G D a process for which independencies match exactly the collider separation

2 Strongly complete for Gaussian VAR(1)
@ G the parameter set where the independencies do not match collider separation is of
measure zero
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1 Equivalence

2 Completeness

3 Conclusions
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Summary graphs Local conditional independence

‚ A multivariate discrete-time stochastic process

X “ tXvptq : v P V, t P T Ă Zu.

‚ Directed graph that may contain self-loops and reciprocal pairs of arrows

G “ pV, Eq, paGpvq :“ tu P V : u Ñ v P Eu.

‚ Link between the summary graph and the process

P
`

Xptq P F | Xpă tq P E
˘

“
ź

vPV

P
`

Xvptq P Fv | XpaG pvqpă tq P EpaG pvq

˘

.
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C-separation Niemiro and Rajkowski [2023]

‚ Let G “ pV, Eq be a summary graph.

‚ C-separation:
Every I–J path has a collider that does
not lie in AnGpKq.
iii) part of Pearl’s d-separation

‚ pI Kc J | KqG .

a b c d

z

a b c d

z
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Trek graph separation Boege et al. [2025]

‚ Let G “ pV, Eq be a summary graph.

‚ Trek graph pG “ pV, pEq:
i and j have a bidirected edge in pG if and
only if AnGpiq X AnGpjq ‰ ∅.

‚ Trek graph-separatation:
every I–J path in pG meets K in at least
one internal vertex.
undirected graph separation

‚ pI K J | Kq
pG .
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Equivalence between separations

‚ G1 “ pV, E1q and G2 “ pV, E2q are c-equivalent if pI Kc J | KqG1 ðñ pI Kc J | KqG2 .

ùñ Summary graphs are c-equivalent if they have the same trek graphs

Let I, J, K Ď V be pairwise disjoint

pI Kc J | KqG ðñ
`

I K J | V z pI Y J Y Kq
˘

pG ,

‚ Colliders that define c-separation are the "bottlenecks/bridges" in the trek graph

a b c d

z

a b c d

z
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Space-time trek separation (informal)

‚ Take space-time GT .

‚ A space-time trek of lag k between pi, tq and pj, tq:
a pair of directed paths τ “ pP1, P2q starting from a
common top pu, t ´ kq and ending at pi, tq and pj, tq.

‚ We say that I is st-separated from J by K if there is no
no-skipping concatenation of st-treks from I to J whose
junctions all lie in AnGpKq.

‚ This is c-separation translated to space-time graph when
self loops are present

a b c

z

d

t ´ 2

t ´ 1

t

a b c d
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Standing assumptions

1 Autoregression
Typical in time series

2 Markovianity of order 1
For simplicity

3 Strict stationarity
We are interested in time independent snapshots

4 No contemporaneous relations
Past influences future
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Stationary Gaussian VAR

‚ G “ pV, Eq, Xptq “ pX1ptq, . . . , Xnptqq
J

‚ VAR(1)
Xpt ` 1q “ M Xptq ` εptq, t P Z, (1)

‚ Coefficient matrix M encoding G

RE :“
␣

M P Rnˆn : Mij “ 0 whenever pj Ñ iq R E
(

.

‚ Autoregression Mii ‰ 0
‚ Noise i.i.d. εptq „ N p0, Dq

‚ Strictly stationary?
Say spectral radius ρpMq ă 1 ùñ (1) admits a unique solution with covariance matrix Σ:

Σ “ MΣMJ
` D.

‚ Dynamic version: Σ “
ř8

k“0 MkDpMJ
q

k
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Collider separation is "necessary" for conditional independence

Weak completeness

Take a summary graph G “ pV, Eq and let

IG :“
␣

pI, J, Kq : I, J, K Ď V pairwise disjoint and pI Kc J | KqG
(

.

Then there exists a strictly stationary stochastic process X “
`

Xvptq
˘

vPV, tPZ such that,

1 Soundness. For every triple pI, J, Kq P IG : XIptq KK XJ ptq | XKptq,

2 Weak Completeness. For any triple pI, J, Kq R IG : XIptq {KK XJ ptq | XKptq.
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Statement

Strong completeness for Gaussian VAR(1)

Let X be a stable Gaussian VAR(1).
Let Θ “ tpM, Dq : ρpMq ă 1, D ą 0, M P REu be the open parameter domain.

Fix three pairwise disjoint spatial node sets A, B, C Ď V. Then:

1 Soundness. If pI Kc J | KqG then XIptq KK XJ ptq | XKptq,

2 Strong completeness. If pI Mc J | KqG , then
␣

pM, Dq P Θ : XIptq KK XJ ptq | XKptq
(

has Lebesgue measure zero.

Proof: Idea from Sullivant et al. [2010] updated to a space-time trek version

16 / 21



Paths and the covariance matrix

‚ Pathwise interpretation: pMkDpMJqkqij “
ř

sPancestors pMkqis Dss pMkqjs

‚ Let τ “ pP1, P2q be an st-trek of lag s ě 1 between pi, tq and pj, tq with top pu, t ´ sq

‚

pMsqiu “
ÿ

P :pu,t´sqùpi,tq

ź

pk,r´1qÑpl,rqPP

Mlk

‚ Define the weight of τ by

ωpM, D, τq :“ du

ź

pk,r´1qÑpl,rqPP1

Mlk

ź

pk,r´1qÑpl,rqPP2

Mlk.

‚

Σij “ 1ti“ju di `
ÿ

sě1

n
ÿ

u“1
pMsqiu du pMsqju

“ 1ti“ju di `
ÿ

sě1

n
ÿ

u“1

ÿ

P1:pu,t´sqùpi,tq

ÿ

P2:pu,t´sqùpj,tq

ωpM, D, pP1, P2qq
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Proof idea: Determinant=power series + nontrivial (non intersecting treks) Ñ

measure zero

‚ Idea inspired by Sullivant et al. [2010]

‚ In the Gaussian case, XIptq KK XJ ptq | XKptq ðñ det ΣiYK, jYK “ 0 @iPI,jPJ .

‚ If we express determinantal criterion as a nontrivial power series Ñ measure zero argument
ùñ If a system of treks is non-intersecting, then power series of products over these treks is not zero

(Lindström–Gessel–Viennot lemma).

‚ The covariance elements have a pathwise interpretation ...
ř

s Mk
isDssMk

js

‚ We can write the big determinant using Cauchy-Binet theorem as sums of products of certain
smaller determinants det ΣI,J “

ř

R det XI,R det XJ,R

ùñ We introduce space-time treks and space-time trek separation
‚ These determinants from Cauchy Binet have a trek system interpretation (space-time)

ùñ We use Lindström–Gessel–Viennot lemma and show that when we do not have st-separation we
have non-intersecting system of treks

‚ Show with a construction that summands do not cancel out
‚ Zeros of a nontrivial real-analytic function have measure zero.
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Implications and possible future

1 It is the colliders (=common ancestors structure) that separate which past information
travels to the present moment

ùñ Constraint based causal discovery on a snapshot can uncover only these collider structures
2 Weak completeness resolves conjecture about collider separation being necessary for

conditional independence
3 Strong completeness theorem justifies faithfulness-type assumptions as natural

(space-time trek systems for determinants type argument)

Future
‚ Relax the Markov-order-1 assumption.

‚ Understand how far strong completeness extends beyond Gaussian dynamics.

‚ Better understanding of causality from snapshots of dynamical systems:
‚ Interventions
‚ Relation between time, dependence and snapshot information
‚ Constrained nonstationarity
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Discussion

1 Summary graph can be cyclic, isin’t this a problem?

‚ Space-time graph is a DAG
‚ Starting at "minus infinity" might be a problem. However, we don’t need this problem .

2 What is the role of strict stationarity?

‚ Time homogenous „ feature, not a bug

3 What is the role of autoregression?

‚ Space time treks will work differently ñ completeness would have to be reworked

4 How strong is Markovianity order 1 assumption?

‚ Lyapunov equation changes.
‚ Determinant representation would have to be adjusted

5 How strong is Gaussianity assumption?

‚ Strong, but the task is hard (related work)
‚ Only for completeness

6 How strong is lack of instantaneous effects assumption?

‚ Cycles are present
‚ What does a summary graph mean?
‚ Philosophical
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4 How strong is Markovianity order 1 assumption?
‚ Lyapunov equation changes.
‚ Determinant representation would have to be adjusted

5 How strong is Gaussianity assumption?

‚ Strong, but the task is hard (related work)
‚ Only for completeness

6 How strong is lack of instantaneous effects assumption?
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